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A Dynamic Element Matching Technique for
Reduced-Distortion Multibit Quantization In
Delta—Sigma ADCs

Eric FoglemanMember, IEEEand lan GaltonMember, IEEE

Abstract—A multibit AX analog-to-digital converter can limitthe A3 ADCs signal-to-noise-and-distortion (SINAD) and
achieve high resolution with a lower order modulator and lower spurious-free dynamic range (SFDR) performance.
oversampling ratio than a single-bit design. However, in a multibit In a flash ADC, the most commonly used quantizer in
AY modulator, quantization level errors in the internal multibit . .
quantizer can limit the AX modulator’s signal-to-noise-and-dis- AE_ADCS’ quantization level errors stem from th? nonideal
tortion and spurious-free dynamic range. For a CMOS AX  resistor reference ladder and from comparator input offset
analog-to-digital converter using a flash analog-to-digital con- errors. Reference ladder errors result from resistor mismatches
verter as its internal quantizer, comparator input offset errors  and scale with the quantization step size. In contrast, CMOS
are a significant source of quantization level errors. This paper comparator input offsets are dominated by the process’

presents a dynamic element matching (DEM) technique, com- . . .
parator offset DEM, that modulates the sign of the comparator inherent threshold voltage mismatches and become increas-

input offsets with a random sequence and causes the offsetingly problematic as the signal swing or the quantization
errors to appear as white noise and attenuated spurious tones. step size are reduced. With the near minimum-size devices
Measured performance of a prototype AX modulator IC shows  required for small-area high-speed comparators, input offsets
that comparator offset DEM enables it to achieve 98-dB peak i standard deviations on the order of 10 mV are typical.
signal-to-noise-and-distortion and 105-dB spurious-free dynamic . . . . .
range. Analysis and simulation of comparator offset DEM in SW|t.ch(_ed-.c§1paC|to_r offset cahpratlon can address this problem,
a flash analog-to-digital converter with a periodic input and but it significantly increases die area when a large number of
uniform dither give insight into its operation and quantify the = comparators are required and large-area metal-metal capacitors
spur attenuation it provides. are the only available linear capacitor structures.

Index Terms—Analog circuits, analog—digital conversion,  The technique presented in this paper mitigates the distor-
CMOS analog integrated circuits, comparators, mixed analog—dig- tion introduced by comparator offsets by modulating the sign of

ital integrated circuits, sigma—delta modulation. each offset with a random bit sequence. This approach, named
comparator offset DENbecause of its similarity to dynamic el-
I. INTRODUCTION ement matching (DEM) techniques used in DACs, was devel-

) } _ oped to address circuit challenges encountered in the design of
T HE DEVELOPMENT of mismatch-shaping multibit dig- 5 high-performance multibit AD@Y. modulator [1]. Because

1 ital-to-analog converters (DACs) has helped to make thg the choice of architecture and the process limitations, com-
implementation of high-performance multibk> analog-to- parator offsets proved to be a barrier to meetingAf mod-
digital converters (ADCs) feasible. A multibia>> modulator jat0r's 98-dB SINAD and 105-dB SFDR targets. Comparator
using a mismatch-shaping feedback DAC can achieve the s§ii@et DEM provided a solution to this problem that avoided
signal-to-quantization-noise specifications with a lower ordgke se of additional capacitors and enabled the fabricated
modulator and lower oversampling ratio (OSR) than a single-Bito qulator to meet these aggressive specifications.

design. The use of multibit feedback also relaxes the slew raterpe remainder of this paper consists of two main sections
and settling time requirements on the analog integrators. Whilgq two appendixes. Section Il presents the implementation and
reducing thea> modulator order and OSR eases the design gfeasured performance of comparator offset DEM in the proto-
the analog front end, it also reduces attenuation of circuit eImq{He AY.ADC. Section IIl presents the signal-processing details
in the quantizer. These errors give rise to spurious tones that ¢af,e technique. Appendixes A and B give a detailed derivation

of the theoretical results presented in Section Il

Manuscript received May 2000; revised January 2001. This work was sup-
ported by the National Science Foundation under Grant MIP-9711331. This Il. | MPLEMENTATION IN ADC AY. MODULATOR
paper was recommended by Associate Editor G. Cauwenberghs.

E. Fogleman was with the Department of Electrical and Computer The AY modulator mentioned above is a second-order de-
Engineering, University of California, San Diego, La Jolla, CA 92093

USA. He is now with Silicon Wave, San Diego, CA 92122 USA (e—mail.s’|gn operating at 3.072 MHz with an OSR of 64. The proto-
fogleman@ieee.org). type was fabricated in a 3.3-V 0/om single-poly triple-metal

I. Galton is with the Department of Electrical and Computer Engineering\MOS process and it achieves 98-dB peak SINAD and 105-dB
University of California, San Diego, La Jolla, CA 92093 USA (e-mail: ’ - . . .
galton@ece.ucsd.edu). SFDR [1]. As shown in Fig. 1, it uses two delaying switched-ca-

Publisher Item Identifier S 1057-7130(01)03049-X. pacitor integrators, a 33-level mismatch-shaping DAC, and a

1057-7130/01$10.00 © 2001 IEEE



FOGLEMAN AND GALTON: DYNAMIC ELEMENT MATCHING TECHNIQUE FOR REDUCED-DISTORTION MULTIBIT QUANTIZATION

159

Pid Cs, P2 Ce; Pld Cs2 P2
o 3 i y
P2d Pi P2d P!
cm cmi cm cmi 33-level yin]
P
Pld 2 P b, pa MM PL p,
T L I L
Cs FI Csz
Digital
§DAC Bank §DAC Bank Ere der

Fig. 1. AX modulator circuit topology.
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In the prototype, the expected level of device matching and
the limited signal swing implied that comparator input offsets
were the dominant error source. The input range of the flash
ADCs was set by the integrators’ 1.5 0.5 V single-ended
output swing. For 33-level quantization, the ADCs’ nominal
step sizeA was 31.25 mV and their reference levels,tef
k =1,...,32 ranged from 1.0 V4A/2 to 2.0 V —A/2.
Given Gaussian-distributed offsets with a standard deviation
of 10 mV, a large percentage of the comparators would be
likely to have input offsets comparable th in magnitude.

In contrast, Gaussian-distributed resistor mismatches with a
standard deviation of 1% of the unit resistance value would
yield reference level errors with standard deviations below
0.9 mV. Behavioral simulations of th&3 modulator with

the expected level of comparator offsets indicated that the
attenuation provided by the noise transfer function was not
sufficient to guarantee meeting the 105-dB SFDR target.

Comparator offset DEM is implemented in the flash ADC

_l_’yk["]

using the swapper cells andsS; at the analog input and digital

ey |_ - output of each comparator, as shown in Fig. 3. The control signal

r[n] is a 1-bit,21 pseudorandom sequence. Whér = 1, the
direct paths througl§; ands, are chosen, and

_ L v[n] > refy + Vosi
uklnl = {0, otherwise.

Fig. 2. Flash ADC circuit topology.

33-level quantizer [2], [3]. The differential input quantizer was
realized using a pair of single-ended 33-level flash ADCs andh i
digital subtraction of the outputs to reject common-mode nois\é/. enr|

Noise-shaped requantization was used to reduce the 65—Ie‘§pec?sen’ and
difference signal to 33-levels for use in the mismatch-shaping s { 1
yrln] =4 4
0,

DAC encoder [4].

The topology of a single-ended 33-level flash ADC is shown
in Fig. 2. It consists of a unit resistor ladder to set the quamhus, the swapping shown in Fig. 3 gives rise to two quanti-
tization levels and a bank of 1-bit ADCs to compare the inpaation thresholds per comparator selected by the value of the
signal to each quantization level. A standard clocked comparapsieudorandom sequencie.].
is used to implement each of the 1-bit ADCs. Each comparator'sThe comparator offset DEM circuitry was added to thE
output is equal to one if the input exceeds its reference levalpdulator with minimal increase in die size. Each swapper cell
and is zero otherwise. The 32 comparator outputs form a tharas implemented using four minimum-size transmission gates.
mometer-coded representation of the quantized signal. The tHEme 1-bit pseudorandom sequence was provided byAthe
mometer to binary decoder in Fig. 2 is a device that generatesadulator’'s existing sequence generator and required no ad-
binary representation equal to the number of nonzero 1-bit ADiitional area. The comparator offset DEM hardware occupied
outputs. As mentioned in the introduction, the major sources afily 1.5% of the total chip area and required 65% less area per
error in the flash ADC are resistor mismatches in the unit reomparator than the switched-capacitor offset calibration ap-
sistor ladder and input offset errors in the comparators. proach considered for the design [5].

n] = —1, the swapped paths through and S, are

Vin[n] > refy — Vosic
otherwise.
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vinl1) [ll. COMPARATOROFFSETDEM SIGNAL-PROCESSINGDETAILS
+v’”f¥ R2 | e g’g Yip [n] Unlike DAC dynamic element matching techniques that fully
= A whiten mismatch errors for arbitrary input signals, comparator
%R offset DEM requires an input with a random component to
achieve a significant reduction in spurious tones. This random
Thermometer component is necessary to make both thresholds’ modulated
L R o . Bi‘;’ary | _YI") values affect the output with nearly equal probability. When
ref, A'cht 2 Decoder the flash ADC is used within a multibih> modulator having
7 a small amount of input-referred noise, the quantization noise
: R bit y,in] present at the f_Iash ADC'’s input provides this randomness [6].
ref, ADC To characterize the performance of comparator offset DEM,
$ R2 = the (L + 1)-level flash ADC of Fig. 3 is analyzed with a de-
—v,dl r[|n] terministic inputz[n] plus independent, identically distributed

(i.i.d.) ditherw[n]. By appropriate choice of the dither’s prob-
ability density function—e.g., uniform oveérA/2, A/2) or
1-bit ADC triangular over{ —A, A)—the error due to ideal quantization

misplaced quantization thresholds.
T The flash ADC is first analyzed with comparator offset DEM
disabled—i.e.r[n] = 1 for all n—then with DEM enabled to
show the performance improvement relative to a conventional
r[n] implementation. It is shown that comparator offset DEM causes
the offset errors to appear as white noise and attenuated spurious
components, and that under certain conditions, it completely
eliminates spurious tones.

ref, o

S S appears as white noise at the flash ADC’s output [7], [8]. As a
vinln] >< @—‘]ﬁ > >< | | result, spurious tones at the flash ADC output are due only to
>y, [n]

Fig. 3. Flash ADC with comparator offset DEM.

A. Nonideal Flash ADC Model

TABLE | For analysis, the flash ADC shown in Fig. 3 is modeled as a
MEASURED SFDR FERFORMANCE FORFULL-SCALE TWO-TONE INPUT SIGNAL memoryless transfer functi%(vm, 7,), wherevm isthe instan-

SFDR (dB) | SFDR (dB) | Improvement taneous value of the flash ADC input an the instantaneous

Device DEM off DEM on (dB) value of thex1 random control bit. The flash ADC output se-

1 104.7 108.4 3.7 qguencey[n] is then

2 108.2 108.3 0.1

3 104.6 108.4 3.8

4 99.3 108.4 9.1 y[n] = gy (vin[n], r[nl)

5 106.6 108.6 2.0

6 107.4 108.2 0.8 wherew;,[n] denotes the flash ADC input sequence afid]

denotes thek1 random control bit sequence.

The ideal resistor ladder shown in Fig. 3 is driven with refer-

Measured results show that comparator offset DEM providgﬁCe voltages- Vi and—V,.;, and the ladder provides quanti-
a significant reduction of spurious tones in the. modu- zation thresholds rgf= kA — (L +1)/2)A, k = 1, 2 I
lator output. TheAY modulator was tested with a variety of, . ’ S

ol q ) q ; th V\gth a quantization step sizA = (2V,¢/L). Let Voo, &k =
single-tone and two-tone inputs, and performance with aqd, = 1 genqte the static input offsets of the comparators

without D_EM was compared by enabling and disabling tr\)"‘mthin the 1-bit ADCs. By defining the unit step functiex)
random bit. Because the errors due to comparator offsets gLe

attenuated by the quantization noise transfer function, the most

dramatic improvement in in-band SFDR occurred for two-tone 1, >0

inputs generating spurious components near the 24-kHz pass- u(z) = {0, otherwise

band edge. Table | summarizes measured SFDR performance

for six random'y chosen prototypAE modulators. For this the transfer function of th&th 1-bit ADC can be eXpressed as
test, the input is a full-scale two-tone signal with components

at 500 Hz and 21 kHz. Without comparator offset DEM, the Gy (Win, 7) = u(vin — 10 — 7 - Vosy). )
measured SFDR ranged from 99.3 to 108.2 dB. Comparator . . .

offset DEM improved the SFDR to over 108 dB for all six| Ne transfer functiomy, (via, 7) is formed by summing thé
devices. Fig. 4 shows the output power spectral density (Psamparator outputs and adding offset-af,/2

for device 4. For this device, comparator offset DEM provided I
over 15-dB attenuation of the second-order intermodulation gy(Uins 7) = =2 + Z wvim —ref, — 7 - Vou). (2)
products at 20.5 and 21.5 kHz. P

N b
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Fig. 4. Measured\Y: modulator results. (a) DEM disabled and (b) DEM enabled.

The L/2 offset is added in (2) s@,(via, 7) will range from where
—L /2 to L/2 rather than from zero tf. oo ,
In the absence of comparator offsets, (2) is the transfer func- Dy (u) = / Juw(w)e™™ duw.
tion of an ideal uniform quantizer. Fig. 5(a) shows via, 7) -
near ref, for » = £1. The dotted-line graph in Fig. 5(a) showsProvided thafv;,| < Vier, the use of i.i.d. dither satisfying
the ideal flash ADC transfer function féf,., = 0. (6)—e.g., uniform dither oii—A /2, A/2) or triangular dither
The flash ADC transfer function can be viewed as a linean(—A, A)—implies thate,[n] is ani.i.d. sequence of random
function plus an error function. Let, = 1/A denote the quan- variables independent of[n] and uniformly distributed on
tizer's effective gain, ley. (vin) denote the transfer function(—A/2, A/2) [7], [8].
for error due to ideal quantization, and kgt_(vi,, 7) denote It follows from (3) that the flash ADC output sequence is

the transfer function for error due to comparator offsets. Thus
yln] = agzn] + aqwln] + ¢4[n] + eos[n]

Gy(Vin, T) = @qUin + e, (Vin) + geo, (Vin, ) () whereey[n] = g, (z[n] + wn]) andeos[n] = ge.. (z[n] +
wln], r[n]). Itis shown in Appendix B, Claim B13, that the time

where average PSD of the flash ADC output is given by
LN Syy(¢) = a28..(e’) +3° + mé[m] + S'(¢)  (7)
e in)] —— in — o in_ref‘y 4 : . . .
e (Vin) ¥ 2 T ; u(v K @ whereS,..(¢’“) is the time average PSD of the inptft], 72
N is a white noise tern 6[m] is a dc offset term, and
gﬁos (Uin’ T) = Z U/(Uin - refk - 7- V:)sk) ) &%) )
k=1 Sy =Y R[mle " ®)
— u(vin — refk). (5) m=—oo
where
Fig. 5(b) shows the total error transfer functign (vi,) + . 1 &
Ge.. (Vin, 7) fOr r = £1, With g._(vin) sShown as a dashed-line R'[m] = Am - Z agz[n]E {eos[n +m]}
graph. The comparator offset error transfer funcgion(vin, ) n=1
is shown in Fig. 5(c). It consists of rectangular pulses near + agzln + mlE {ees[n]} + Re .. [n, m].  (9)

each ref and is nonzero in the regions where the flash ADC’

output differs from that of an ideal quantizer. E{eos[n]eos[n +m]} is the statistical autocorrelation af;[n].

Let the f!ash ADC Input sequence bg[n] = x[”.] +w.[?l]’ Thus, S’(¢?*) represents noise and spurious tones resulting
wherez[n] is a deterministic input sequence anh] is an i.i.d. from comparator offsets

dither sequence. As above,andw denote the instantaneous To evaluate (9), an expression f&fco.[n]} is required,

values of the |.nput and dither. Let the characteristic function Where the expectation is taken over the random dithfr]
w, ®,(u), satisfy

and the random sequencl]. Becauseu([rn] is independent of
r[n], the expectation can be expressed as

27l 1, 1=0
QWQZ>:{ml=iLizn- ©) E{eoalnl} = Bu {Bolge., (aln] +w, )} (10)

h (9), E{-} isthe statistical expected value afid _.__[n, m] =



162 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: ANALOG AND DIGITAL SIGNAL PROCESSING, VOL. 48, NO. 2, FEBRUARY 2001

8, (v, +1) 8 (Vip.=1)
14+ 1+
—IA refk A in —IA refk A vl'l
refk +|V‘”k| refk —|Vo.\-kl
—_ -1+ * — -1+
(@
g, ( vy +1) 8 (Vin =1)
4 1+
8 (Vi)
/ e, in geq( Vi,,)
S ]
H 1
. | T\ '
—Z\I i \ A.-. Vin —\I i A". Vin
1 I
refk +|Vosk| N
refk —Ivoskl
-1+ -1+
(b)
ge (V,'n :+I) geas( vin’—I)
1L (2 1L _
refk
A - Vin -A refk A " Vin
+\V
ref, Vs, ref, ‘IVO;J
-1+ -1+
(©)

Fig. 5. Flash ADC behavior at reffor » = +1: (a) quantizer transfer functiofy, (Vi,, r); (b) total quantization errog.(v;,, r) (ideal shown with dashed
line); and (c) error due to comparator offsets_ (vin, r).

where indexes have been droppedwwandr because they are B. Conventional Flash ADC
each i.i.d. random sequences. o .
Let the average offset error as a function of the deterministic Comparator offset DEM is disabled by settinfn] = 1

input z[n] be denoted by for all n. For illustration purposeswn] is assumed to
be uniform dither on(—A/2, A/2). The error function
9. (2) = B {E, {ge.. (x +w, 7)}}. (11) 9e(Vin) = Geo.(Vin) + ge,(vin) and comparator offset error

componentg. . (viy) are shown in Fig. 6(a) and (b), re-
Thus,E{cos[n]} = 7. («[n]). Evaluating the expectation overShectively. The shifted dither probability density function

w in (11) gives fuw(vin — ) is also shown in Fig. 6(b). Becausf:] = 1 for
all n, E,. {ecs(vin, 7)} = ge..(vin, 1). The transfer function
_ o .. (x), shown in Fig. 6(c), has been computed graphically by
ge..(¥) = / E, {ge,.(v, 1)} fulv — ) dv. (12) evaluatingg.__ (v, 1) * fu(—v).

As shown in Fig. 6(c), folVisi| # |Vosj| # 0, g, (2)
Because (12) is in the form of a convolution integral, thes nonzero for allz except the points where it changes sign.
transfer functiong, () can be computed graphically byThus, for almost all signals of interest, the sequeii¢e,.[n]}
evaluatingt,-{gc,. (v, )} * fuw(—v). is nonzero, and’ (¢*’) contributes spurious tones £, (¢7«).



FOGLEMAN AND GALTON: DYNAMIC ELEMENT MATCHING TECHNIQUE FOR REDUCED-DISTORTION MULTIBIT QUANTIZATION 163

8, (Vi) 8 (Vin)
1+ 1+

(@) (b)

Eeﬂ.\'( x )
12

=172

(©
Fig. 6. Flash ADC error transfer functions without comparator offset DEMg{&}in ), (b) ge. (vin), and (c)7.__(x).
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Fig. 7. Flash ADC error transfer functions with comparator offset DEMg(&)in ), (0) gc,. (vin, 7), (€) Er{gc. (vin.7)}, and (d)g.__ ().

For example, consider an inptft:] with period V. The period- C. Flash ADC with Comparator Offset DEM

icity of [n] implies thati{cos[n +m]} would be periodicinn  comparator offset DEM is enabled by lettingn] be
with period N. Therefore &'[m] would also be periodic im»  gn jid. random sequence independent ofn] with
with periodV, and its Fourier transforrfi’(¢’*) would consist P{r = 1} = P{r = —1} = 1/2. Thus, the polarity of

exclusively of spurious tones. the comparator offsets is modulated as given by (1). As in
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Fig. 8. Simulation results for five-level flash ADC witt[n] ing,__(x) = 0 regions: (a) DEM off and (b) DEM on.
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Fig. 9. Simulation results for five-level flash ADC witt[n] ing,__(x) # 0 regions: (a) DEM off and (b) DEM on.

the previous caseyp[n] is assumed to be uniform dither on An inputz[n] that completely avoids the nonzero regions of
(—A/2, A/2). the transfer functio, _(z) hasE{e.s[n]} = 0 for all n. As
The error transfer functiong (v;,) andg.__(vin, ) for» = shown in Appendix B, Claim B&,[n] is a sequence of inde-
+1 are shown in Fig. 7(a) and (b), respectively. The shiftggendent random variables for any deterministic ingui. Thus
dither probability density functiorf,, (v, — ) is also shown
in Fig. 7(b). The transfer functioR,{g... (v, )}, shown in Re_.c..[n, m] = §[m]E{cos[n]*}-
Fig. 7(c), is obtained by averaging over the two states of
From g, (z), shown in Fig. 7(d), it can be seen that th&Jsing this resultin (9), it follows that
key benefit provided by comparator offset DEM is the creation »
of large zero regions in thg, (r) transfer function by pro- — o 1 2 —,
ducing equal-area positive an(d )negative error regions,in Rm] = lim P Z §[m]E {6"5[”] }_ 8[m][0].
centered at each threshold. Whgp(—v) is convolved with =L
E,{g...(v, r)}, as shownin Fig. 7(c), the positive and negativghus, (7) implies
errors cancel each other for much of the flash ADC’s input
range. The regions whemg_(z) = 0 correspond to those Sy () = a28,.(’) + 5 + (5 + R'[0]) 6[m].
input values where the dither pdf covers both the positive and
negative error regions, giving equal probability of positive an@iherefore,S,, (¢’*) consists only of a scaled version of the de-
negative comparator offset error. The nonzero regions centetexninistic input signal, a dc component, and white noise. Be-
between the quantizer thresholds correspond to input valwesises? depends on,.[n], the power of the offset errors is still
where the dither pdf does not cover both error regions equaiyesent iny[n], but comparator offset DEM causes it to appear
and the probabilities of positive and negative errors are unequattirely as white noise.

P—oo
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For an input with some samples in the nonzero regions of APPENDIX A
g...(x), the offset errors give rise to both white noise and at-
tenuated spurious componentsdp, (¢?“). The attenuation of 0
the spurious tones results from the reduction in magnitude o?
E{eos[n]} provided by comparator offset DEM. Simulation re-
sults for a wide range of inputs indicate that significant spur p=[n] = E{z[n]}
attenuation can be achieved in this case. o

For input signals falling in the nonzero regions®f (x) whereE{-} denotes the statistical expectation operator. Let the
on every sample, there exist offset distributions such that cofime aveage of z[n] be defined as
parator offset DEM provides little reduction of the peak spurious

This Appendix presents definitions and theorems used in Ap-
ndix B to derive the main theoretical results of this paper.
Let thestatistical mearof a sequence(n] be defined as

component. However, signals of this type are unlikely to occur _ o =
in an oversampled converter. M, = lm P z[n].
n=0
D. Simulation Example Let thestatistical autocorrelatiorof =[] be defined as
To illustrate the partial and full spur attenuation predicted by R..[n, m] = E{z[n]z[n +m]} (13)

the analysis, Figs. 8 and 9 show simulation results for a fivgg, ; |t thetime aveage autocorrelationof z[n] be defined as

level flash ADC with random errofd/,.x| < A/8 and uniform P

i.i.d. ditherw[n]. In Fig. 8, the input signal was chosen to be - o1

z[n] = Asin((7/4)n) + (A/8). Since the offset errors are Ream] = lim P > Akl +ml (14)

bounded byA /8, this choice of input forces every sample to_ . o )

land in a region wherg,_(z) = 0, resulting inE {cos[n]} = 0. Slmllarly, let thestatistical cross-correlatiorf v[n] and z[n]

The PSD in Fig. 9(b) shows that with DEM enabled, no spul€ defined as

are visible in the output, and supports the theoretical result that R,.[n, m] = E {v[n]z[n + m]} (15)

comparator offset errors are completely vv_h|teneq. and let thetime aveage cioss-correlationof v[n] andz[n] be
The results for the same flash ADC with an inptj] = defined as

Asin((w/4)n) are shown in Fig. 9. This choice of input forces P

half of its samples to land in the mid-threshold regions where - o4

g.,.(z) # 0. Without comparator offset DEM, as shown in Ryzm] = ph_lgo r Z vin]zln +m. (16)

Fig. 8(a), the flash ADC has an SFDR of 24.4 dB. With DEMdThetime aveage power spectral densityeferred to here as

enabled as shown in Fig. 8(b), the third harmonic is reduc . ) .
significantly, but the SFDR is limited to 26.5 dB by the secon%e PSD, is defined as the Fourier transform of (14)

n=1

n=1

harmonic. As predicted, the DEM attenuates the spurious tones Jen N —jwm
but does not completely eliminate them. Sea(e) = m;m Bez[mle ’ (17)
Theorem Al: Suppose that[n] andr[n] are sequences of in-
I\V. CONCLUSION dependent random variablesglf(w, r) is a sequence of mem-

oryless, deterministic functions, thefn] = g, (w[n], r[r]) is
A Compal’ator offset DEM teChnique for mltlgatlng the diSa sequence of independent random variables.
tortion caused by comparator offsets in the flash ADC of a  proof: Fix a positive integet, and fork = 1, ..., K,
multibit ADC A% modulator has been presented. Comparatehoose real numbets, and integer indexes;,, wheren; # n;
offset DEM was implemented to solve circuit challenges effor ; £ j. Let
countered in developing a high-performans& modulator IC

prototype. The DEM technique provided a significant reduction Ar = {((w, 1)z gny (w, 1) < 2}
of offset-related spurious tones and enabledAfemodulator for & = 1, ..., K. Becausew|[n] and r[n] are independent
to meet its aggressive SINAD and SFDR targets. random sequences, the events

Analysis of comparator offset DEM for deterministic inputs . )
with i.i.d. dither shows the mechanism by which it attenuates {2l < zed = {(wlna], rlnal) € Ax}
offset-related spurs and describes the conditions under whitte independent for = 1, ..., K. Therefore
offset-related spurs are completely Whitened_. The combination Plzlm] <z, ..., 2lnw] < 2x}
of a random component on the flash ADC'’s input and random
DEM switching creates regions on the quantizer’s transfer char- =Plelm] S ). Plalng] < 2} -
acteristic where positive and negative quantizer errors occur [ |
with equal probability, causing the static offset errors to appearTheorem A2:Supposew[n] and r[n] are sequences of
as white noise rather than spurious tones. Though the analysiependent random variables. ¥,(w, r) and h,(w, r)
was developed in the context of comparator offsets, the resate sequences of memoryless, deterministic functions,
can be applied without modification to any scheme where twiben the random variables[n] = g.(w[n], 7[n]) and
nonideal quantization thresholds are symmetrically modulatefh + m] = h,(w[n + m], [n 4+ m]) are independent for all
around the ideal quantization threshold. integersn and for all integersn # 0.
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Proof: Fix an integern, a nonzero integem, and real and integersy,, wheren; # n; for < # j. To show that the

numbersz andv. Let events
A={(w, r): gn(w, r) < z} {rplna] < px}
and = {2 [ (] + 1) = pl 2 [ (fma] + 1) = p +m] < pi}
are independent fot = 1, ..., K, itis sufficient to show that
B = {(w, r): hpym(w, r) <v}. the indexes are unique.

Form = 0, n; ;é n; immediately impliese;(|m| +1) —p #
Becausew[n] andr[n] are independent random sequences, the (|m| + 1) —

events Now conS|derm £ 0. Suppose for the sake of contradiction
thatn;(|m|+1) —p = n;(|m|+1) — p+m. This would impl
{2l < 2} = {(wln], o)) € 4) (0 =p = nilmi+1) =2 Py
{vln+m] < v} = {(wln +m], rln+m] € B} A P
are independent. Therefore This is a contradiction becausg andn; are integers anth #
0. Therefore, the independence gh| and the uniqueness of

P{z[n] <z, v[n+m] S v} the indexes imply

=P{z[n] <z} P{v[n+m] <wv}.

P{rp[m] < p1s oo, mplnk] < prc}
. . » = P{rplna]}... P{rp[nkl}.
Theorem A3: Givenz[n], a sequence of independent random
variables, suppose there exists a positive real numbsuch ) ] u
|2[n]| < A} = 1 for all n. If M. exists, then Theorem A4:Givenz[n], a sequence of independent random

variables, suppose there exists a positive real nurbsuch
|2[n]| < A} = 1for all n. If R_.[m)] exists, then

r
1 _
Jun,p 2 Bk =21
" lim = S R..[n, m] = R..[m]
with probability 1. Pooo P Z

Proof: Note that for alln with probability 1.

0 < Var(z[n]) < B {#[n]2} < B{4%} = 4%, _ Proof: To prove th_e_result, th_e seqt_;ema_bl]z_[n + m|
is decomposed into a finite collection of infinite, independent
Thus random sequences that satisfy the Kolmogorov criterion and
oo oo therefore obey the Strong law of large numbers. Summing over
Z Vaz ( ”] Z ) (18) the finite collection completes the proof. _
ot ot Fix an integem. Letp = 0, ..., |m|. For eaclp, define the

subsequence
Given thatz[n] is independent, the Kolmogorov criterion states

that (18) is sufficient forz[n] to obey the Strong law of large rpln] = z[n(Im|+ 1) —plz[n(jm|+ 1) — p+m].

numbers [9] By Lemma A,r,[n] is an independent random sequence. Note
P that
lim — > (zIn] = E{z[n]}) =0 2 2
PR P L ? 0<E{r,[n] }:E{z[n(|m|+1)—p] }
— 2 4
with probability 1. Becaus@/ . exists B {Z [n(Im| +1) —p+m] } <A
1 g _ 0 < [E{ry[nl}] = [E{# 0 (ml +1) - " }|
lim B ZE{Z[H]}:M,, ) )
P P Bzl Gml + 1) = p+ml*}| < 42
with probability 1. B Thus,0 < Var(r,[n]) < A* and
Lemma A: If z[n] is a sequence of mdependent random vari- o
ables, then for all integers and forp = 0, 1, ..., |m| 0< Z Var (r ”] Z (19)

rpln] =z[n(m|+ 1) —plz[n(m|+1) —p+m] _
Given that for each, r,[»] is an independent random sequence,

is a sequence of independent random variables. the Kolmogorov criterion states that (19) is sufficient to show

Proof: Firstconsidern = 0. Because(n]isindependent, thatr,[n] obeys the Strong law of large numbers [9]
70[71] = z[n]? is independent by Theorem Al. [Let(z, ) =
22]. Z
Now considern # 0. Fixp € {0, 1, ..., |m|}. Fix a posi- P%oo P
tive integerK, and fork =1, ..., K, choose real numbeys, (20)

—E{r,[n]}) =0, p=0,...,|m
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with probability 1. Summing thén| + 1 infinite sums in (20) variables independent of[n] and uniformly distributed on
gives (-A/2, A/2) [7], [8].
From (21), the autocorrelation of the flash ADC output is

lm| P
. 1
A p 2 2 (el =Bl Ryyln, m] = E {(agviln] + cfn])
"~ n_P < (agvin[n +m] +e[n+m])}. (24)
= Plg{{o P Z (z[n]z[n +m] — R..[n, m]) ExpandingR,,[», m] into its component terms and expressing
0 n=1 the expectations as autocorrelations and cross-correlations give

R,,[n, m] =a2R, .. [n, m] + oy Ry, o[n, m
with probability 1. Becaus®..[m] exists ol ] =g Ry, [0, m] + g R, e, ml

+ agRey, [0, m] + Ree[n, m]. (25)
r
lim 1 R_.[n, m] = R..[m] Claims B1-B4 that follow derive expressions for each of the
P—oo P o terms on the right-hand side of (25).
with probability 1. m ClamBL:
R'n;n'n;n [71, m] = .’L'[TL].’L'[TL + m] + u’lllx[n]
APPENDIX B

+ pw[n +m] 4+, + 8[mlol,  (26)
This Appendix presents the derivation of the main theoretical
results of this paper. AL + 1)-level flash ADC, as shown in Where
Fig. 3, is considered. The ideal resistor ladder is driven with ref- 1, m=0
erence voltages V;.r and—V,.¢, and the ladder provides quan- 6m] = { 0. otherwise.
tization thresholds rgf= kA —((L+1)/2)A k=1, 2, ... L,
with a quantization step sizA = (2V,¢;/L). Each of theL Proof: ExpandingR., ., [n, m] into its component terms
1-bit ADCs within the flash ADC has an input offset erfdg,, and noting that:[n] is deterministic gives
k=1,2 ...L.
Lete(vin, 7) = ge, (Vin)+9e.. (vin, 7) be the total error intro- Ry [, m =alnfaln +m] + proain] + pwln +ml
duced by the flash ADC as a function of the input, whej@:;, ) + E{wln]wln +m]}. (27)
is the error due to ideal(1-1)-level quantizationg.s(vi,, 7) is Becausew(n] is i.i.d., E{w[n]wln + m]} = 2 + §[m]o2.
fche error due to 1-bit ADC input offset errors, ané {—1, 1} Substitutin[g ]this result ifwt()[ (]27£ compl]gtes the prom[. | ]
is the comparator offset DEM control signal. For the conven- Claim B2:
tional flash ADC, let-[n] = 1, and for a flash ADC with com-
parator offset DEM, let[n] be ani.i.d. sequence of randomvari- R, .[n, m]
ables withP{r = -1} = P{r = 1}_: 1/2.. = z[n]E {eos[n + m]} + 1w F {eosln + m|}
Let oy = 1/A denote the effective gain of the flash ADC. 4 8fm] (Rue, [0 0] + Rue.. [, 0] — 1 {cosfn]})
Thus, the flash ADC outpuf[n] is given by weql'® Weos LD HrwtCos (2'8)

7

yln] = aguinln] + ¢[n] (21) , o
Proof: ExpandingR,, .[n, m] into its component terms
where and noting thatr[»] is deterministic gives

] = eyl Heoln] = ge, @il g, (winl. 7in). 22 R, . ]

Let the flash ADC input bey,[n] = z[n] + w[n], wherez[n] = z[n]E {eq[n + m]} + z[R]E {cos[n + m]}

is a deterministic input signal and[n] is a dither signal It + E {wln]eg[n +m]} + E{wnlecs[n +m]}.  (29)
is assumed that[n] andw[n] are bounded such thaf,[»] is

within the no-overload range of the quantizer. Left] be an The firsttermis zero becausgn] is independent of[r] for all
i.i.d. sequence of random variables wjth, = E{w[n]} and 7 and has zero mean. By letting(w, r) = w andh,,(w, r) =
o2 = E{w[n]?} — ;2 for all n. Let the characteristic function 9e, (x[n]+w) in Theorem A2, it follows thatu[n] ande,[n +m]

of w, ®,,(u), satisfy the following condition: are independent fa # 0. Noting thate,[»] has zero mean
ives
e\ A )T Vo0, 1=+1, 42, ... (23) E {wlnlegln + m]} = SimlE {wlnle,[n]}.  (30)
where By letting g, (w, ) = w andh,,(w, r) = g.__(z[n] + w, r), it
) ' follows from Theorem A2 thatv[n] ande.s[n + m] are inde-
Qp(u) = / Ju(w)e?™ dw. pendent forn # 0 and

Provided thatlv;,| < Vier, the use of i.i.d. dither satisfying E{win]eosn +ml} = piE{cos[n + ml} + 6{m]
(6)—e.g., uniform dither ofi—A /2, A/2) or triangular dither - (E{wnleos[n]} — powE {eos[n]})-
on(—A, A)—implies thate,[»] is an i.i.d. sequence of random (31)
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Substituting (30) and (31) into (29), expressing the expectatiotembined to formR’[n, m]. The remaining terms other than

as correlations, and combining thén] terms completes the z[n|x[n + m] form p[n, m]. [ |
proof. [ | In Claims B6—-B12 that follow, it is shown that the time-av-
Claim B3: erage means and autocorrelations converge to their ensemble

values. As stated previously, it is assumed thfad] andwn]
Rev, [, m] are bounded to prevent the flash ADC from overloading. Specif-
= z[n + m|E {eos[n]} + pE {eos[n]} ically, there exist real number§ andW such thafz[n]| < X
+ 8[m] (Rue, [0, 0] + Rue..[n, 0] — i E {eas[n]}) - andP{|w[n]| < W} =1 for all n. By definition, P{|e,[n]| <
(32) 12} =1 Pllecn]l < 1} = 1, andP{Jyln]| < L/2} = 1.

Claim B6:
Proof: Becauseli.,. [n, m| = E{e[n]uin[n + m]}, this
result follows from (28) by letting’ = n + m andm’ = —m lim — Z R, [n, m] = R, [m]. (42)
and by noting thatn’ = 0 whené[m/] = 1. [ ] P=eo P
Claim B4: Proof: To show thaty[n] satisfies the hypotheses of The-
orem Al, let

Ree[nv m]:Reoseos [”v m]+5[m] (E{62}+2Reqeos [”v O]) .

(B3)  gu(w,r)=x[n]+w+ Ge, (z[n] +w) + ge,, (z[n] +w, r).
Proof: ExpandingR..[n, m] into its component terms o i i
Theorem Al implieg/[n] is a sequence of independent random

ives
g variables. Becausg[n] is bounded and independent, the claim
R..[n, m] =E{ej[n]eq[n + m]} + E{eg[n]eos[n +m]} follows from Theorem A4. [ |
+ E{cos[nlegln + m]}+E{cos[n]eos[n + m]}.  ClaimB7:
(34) 1 & _
th P Z z[n]E{ecs[n + m]} = Rae,, [m] (42)
Because,[n] is i.i.d. and has zero mean, it follows that !
P
_ 2 _
Bleafilegln +oil} =SIEGE G LS gl fewlal) =Rl @9
Note that then index has been dropped in (35). By letting n=1
gn(w, ) = ge, (z[n] +w) andh,(w, ) = ge_ (z[n] +w, r), Proof: Consider (42) for a fixed value ofi, and note that
it follows from Theorem A2 that ,[n] and eos[n + m] are z[n]is adeterministic sequence. Define a new random sequence
independent fofn # 0 and thus z[n] = z[n]ess[n + m]. To show thatz[n] satisfies the hy-

potheses of Theorem Al, let
E{egn]eos[n +m]} = 6m]E {¢[n]ecs[n]} . (36)

Substituting (35) and (36) into (34), expressing the expectations
as correlations, and combining t#en] terms completes the | neorem Alimplies that[z] is independent. Becausg:| and
eos[n] are boundedP{|z[n]| < X} = 1. By Theorem A3

gn(w, 1) = xlnlge,, (z[n +m] +w, 7).

proof. [ |
Claim B5 uses the results of Claims B1-B5 to derive an ex- 1 L
pression for (25). Plgr;o P Z z[n]E{eos[n + m]}
Claim B5: n=1
P
1 —
Ryyln, m] = oc,?a:[n]a:[n +m] + R'[n, m] = Plim 5 Z z[n]ecs[n + m] = Ry, [m].
+ 8[mlo®[n] + p[n, m] (37) =l
Thus (42) holds. The equality in (43) follows by the same rea-
where soning withz[n] = x[n + m]eqs[n]. [ |
R'[n, m] = a,z[n]E {cos[n + m]} Claim B8:
+ O‘(Ix[n +m]E {eos[n]} + Re,.e..[n, m]  (38) Phln = Z Re c..[n,m]= eoseos[ ).
02[n] = 6202, + 2y Rupe, [0, 0] + 20, Rope,, [0 0] o
— 20w B{cos[n]} + B{c2} + 2R._._.[n, 0] Proof: To show that,[n] satisfies the hypotheses of The-
! o orem Al, let
(39)
and gn(w7 T) = Geos (.T[TL] + w, T)'
pln, m] = o pxn] + o prxn + m) + alpl, Theorem A1 implies that,[»] is independent. Becausg.[n]
+ agwE{cos[n]} + agpwE{cos[n +m]}. (40) is bounded, the claim follows from Theorem A4. [ |
Claim B9:

Proof: The results of Claims 1 to 4—(26), (28), (32),
and (33)—are applied to the terms of (25). Tdie:] terms are lim —

we 7’L 0 we 0].
combined to formy2[n]. The terms dependent enandm are P—oo P o[ 01 = Re, [0

nMw
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Proof: Define a new random sequenefe| = wn]e,[n]. Theorem Al impliesz[n] is independent. Becausg[n] and
To show that:[n] satisfies the hypotheses of Theorem Al, lete,s[n] are boundedP{|z[n]| < 1} = 1. By Theorem A3

r

Y = . o1
9u(w, 7) = afnlae, (oo + m] + w) Jim £ 5™ B, nlecsnl}
n=1
Theorem Al implies that[n] is independent. Becausén| and 1 &
eyl |2[n]| < W/2} = 1. By Theorem A3 = lim — >~ eqlnleas[n] = Re,c..[0].
n=1
L [ ]
. 1
I}Ego P Z E{w[n]e,[n]} Given the results of the preceding claims, the main theoretical
n=1 results of this paper can now be stated.
1 & — Claim B13: The autocorrelation of the flash ADC output is
= Plgréo P z_:l w[n]eq [n] = Rweq [0] given by
. Ryy[m] = ofRoo[m] + R'[m] +5%6[m] + 7 (44)
Claim B10:
where
r -, o o o
PliIn Z weos |y O] = Rupe,, [0]- R [m] = aqueos [m] + aqReosw[m] + Re e, [m] (45)
=t 52 = q w + 206,1 weg [0] + 206,1 Weos [0]
2
Proof: Define a new random sequende] = w[n]eos[n]. - 20"1/i”Mﬁos +E{e )+ 2R_€q€os O] (48)
To show that:[n] satisfies the hypotheses of Theorem A1, let Bo=20 p M, + o ps, + 200 o M. (47)

gn(w, 7) = a[n]ge. (x[n +m] + w, 7). The PSD of the flash ADC output is given by

S,y (7)) = 28, (7)) + S'(e7°) + T2 + wS(7%)  (48)
Theorem Al impliesz[n] is independent. Because[n] and o !

Cos| |z[n]| < W} = 1. By Theorem A3 where
o>
Sy = > R[mle 7™ (49)
Plgréo D Z E{w n]COS ﬂ]} m=—o00
1 L Proof: Taking time averages of (37)—(40), using the re-
= lim — Z w[n]eos[n] = Rue,.[0]. sults of Claims B6-B12, and combining terms yields (44)—(47).
Poee 0 The PSD results in (48) and (49) follow from the definition in
(17) by taking the Fourier transform of each of the terms in (44).
Claim B11:
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