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Spectral Shaping of Circuit Errors in
Digital-to-Analog Converters

lan Galton,Member, IEEE

Abstract—Recently, various multibit noise-shaping digital-to- and system stability have so far limited the extent to which
analog converters (DAC's) have been proposed that use digital the noise-shaping order can be usefully increased [2]-[7]. For
signal processing techniques to cause the DAC noise arising ey ample, in theory it is possible to design\ data converter
from analog component mismatches to be spectrally shaped. . o o . .

Such DAC's have the potential to significantly increase the with r_nUIt_'b't qugntlzat|op that achieves any given .ord.er of

present precision limits of AY data converters by eliminating duantization noise-shaping. Unfortunately, the application of
the need for one-bit quantization in delta-sigma modulators. suchAX data converters has been limited to date because of
This paper extends the practicality of the noise-shaping DAC their high sensitivity to analog component mismatches in their

approach by presenting a general noise-shaping DAC architecture .o na)' paC's. Typically, the internal DAC in a\¥. data
along with two special-case configurations that achieve first- and ) .

second-order noise-shaping, respectively. The second-order DAC CONnverter operates on a highly quantized digital sequence, so
configuration, in particular, is the least complex of those currently it does not require a large number of output levels. However,
known to the author. Additionally, the paper provides a rigorous it must be nearly linear and introduce very little signal-band
explanation of the apparent paradox of how the DAC noise can be circyit noise if high-precision data conversion is required of the
spectrally shaped even though the sources of the DAC nO'Se_theoverall AY data converter. In principle, this can be achieved

errors introduced by the analog circuitry—are not known to the | .
noise-shaping algorithm. if the stepsbetween adjacent output levels of each DAC have

- very nearly the same magnitude. Unfortunately, the required
Index Terms—ADC, analog-to-digital, DAC, data converter,

delta—sigma, digital-to-analog, mismatch shaping, noise-shaping, matching precision is on the order O,f the desired precision
sigma—delta. of the overall data converter and this is often beyond the
practical limits of present VLSI technology. For this reason,
the majority of AY data converters use two-level (i.e., one-
bit) DAC's; in this case, there is only one step so matching
ELTA-SIGMA analog-to-digital converters\(ADC’s) the sizes of multiple steps is not an issue. While one-bit
and digital-to-analog convertersAEDAC's), collec- DAC's effectively avoid the step matching problem, they
tively referred to asAX data converters, are widely usechecessitate one-bit quantization&}. data converters and this
in high-precision, low bandwidth applications such as digitdébrces design tradeoffs to be made that, for a given level of
audio processing. Through the use of oversampling, coameersampling, significantly reduce data conversion signal-to-
internal quantization, and guantization noise-shaping they areise ratios (SNR’s) below what would be possible if multibit
able to perform high-precision data conversion yet can lggantization could be used [2]-[4], [8].
implemented in VLSI technology optimized mainly for digital With this in mind, a number of investigators have recently
circuitry [1]. The coarse quantization simplifies the analogroposed various multibit noise-shaping DAC’s for use in
processing, but most of the resulting error is kept out of th®3. data converters [9]-[17]. The noise-shaping DAC's all
signal band as a result of the quantization noise-shaping argk digital signal processing techniques to cause the error
oversampling. The primary impediment to their use in higheresulting from step-size mismatches to lie outside of A
rate applications such as digital radio and video processingdigta converter signal band. Thus, instead of trying simply to
the oversampling requirement. Oversampling necessitates ii@imize mismatches through improvements in the design or
use of circuitry with a significantly higher bandwidth than theayout of the analog circuits, the mismatches are accepted
signal to be converted, and in higher-rate applications this&s inevitable, but their negative effects are largely avoided
often not practical. though a signal processing innovation. Consequently, the
In principle, the oversampling requirement can be reducedise-shaping DAC’s allow for multibit quantization within
by increasing the order of the quantization noise-shapindy: data converters but do not suffer from the extreme match-
However, practical issues such as analog component matchifig problems associated with conventional multibit DAC's.
This paper presents a general noise-shaping DAC architec-
M;”USC”W fecﬁggdbD‘iﬁimcbglfif%’ialgl\ﬁ%ngVing érr;f"i :'C%J?]?uzcgg'tﬂre along with two special-case configurations that achieve
mrr] thvéa;oiﬁ\?vzcl)l Internétional Corporation Sciencg Cgenter. This pjaper Wﬁgst-order and second-order noise-shaping, respectively. The
recommended by Associate Editor F. Larsen. first-order DAC configuration has similar complexity to that
The a_uthor is with th_e Departm_ent of Electrical and Computer Engineer@nlgresented in [11], but offers the advantage that it can be
University of California, San Diego, La Jolla, CA 92093 USA (e-mail: . . : . . . . .
galton@ece.ucsd.edu). used in conjunction with a simple dithering technique that
Publisher Item Identifier S 1057-7130(97)07643-X. suppresses spurious tones. The second-order DAC is by far
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Fig. 1. Example of an oversampling 3-l¥>DAC and (an artist’s rendition of) typical power spectral densities of selected signals in the processing chain.

the least complex of those currently known to the author. xn] ,  [ToBi] win)

Additionally, the paper provides rigorous theory that explains DAC

the apparent paradox of how it is possible to spectrally shapg,,; . xin] 1B | 2 dnd

the DAC noise even though the sources of the DAC noise—the | peal [ LDAC | ) ¥in]
errors introduced by the analog circuitry—are not known to : : :

the noise-shaping algorithm. As part of the derivation, a set Sl 1-Bit Yulnd

of sufficient conditions for achieving any given noise-shaping LRAC ]

characteristics is developed. Fig. 2. The high-level architecture of most of the noise-shaping DAC’s to

The paper consists of two main sections and an Appendﬂ?.te'
The general DAC architecture along with the first and second- ) o )
order configurations are described in detail in Section II. @nd the result would be a high-precision analog representation
Section IlI, the goal is to provide an intuitively appealing?f the original digital input sequence. However, as |Ilustratgd
yet mathematically complete, explanation of the noise-shapitiythe lower left PSD plot in Fig. 1, step-size mismatches in
phenomenon. The results of Section Il are extended in tR@nventional multibit DAC’s result ifDAC noiseof which a
Appendix to develop an expression that quantifies noisedbstantial component resides within the signal band. Thus,

shaping performance in terms of specific circuit errors. even though the analog filter removes the components of the
guantization and DAC noise outside the signal band, much of

the DAC noise remains and spoils the overall conversion pre-

Il. THE NOISE-SHAPING DAC cision. In contrast, noise-shaping DAC's result in DAC noise
ARCHITECTURE AND PERFORMANCE that resides primarily outside the signal band as illustrated in
the lower right PSD plot of Fig. 1, so the analog filter removes

A. The Noise-Shaping DAC Approach much of the DAC noise along with the quantization noise.

To illustrate the concepts outlined above and define ter SMOSt of the noise-shaping DAC architectures presented to

that will be used throughout the paper, consider the exam CO;ig?:%}h;??aﬁrzln?;&f:%v Rym E|g.b§ [S]A_\([:l'S]’r[Fg} EdaCh
AY.DAC shown in Fig. 1. It consists of a digital interpolator 9 one- S reterre

a third-order digital delta-sigma modulator, a three-bit DACIO asunit DAC-elementsThe digital mput s_equence,[n], IS

and an analog lowpass filter (usually implemented as a chfg‘%en to be a sequence of nonnegative m_tegers less than or
of analog filters). As illustrated by the upper power spectrgfmal toN. The digital encoder maps gac_h Input sampliéJto
density (PSD) plot in the figure, the three-bit output of thgutput bits such that the sum of te bits is equal taz[n]:

AY. modulator consists of a signal component restricted to a z1[n] + z2[n] + - - - + zn[n] = z[n]. (1)

low frequencysignal bandand high frequency quantization . .

noise, most of which falls outside of the signal band. Thu-sr,he unit DAC-elements operate. according to

in the absence of any errors introduced by the 3-bit DAC, yn] = { 1+ep,, ff zp[n] = 1; )
the analog filter would remove most of the quantization noise, ' €l if 2.[n] =0
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Fig. 3. The DAC architecture at the switching block level shown for the case of a 3-bit DAC.

wherey,.[n] denotes the analog output of théh unit DAC- The digital encoder consists of thrgyers of digital devices

element, ande,, and ¢; are errors in the analog outputcalled switching blockseach of which is labeled), .., where

levels?! k denotes the layer number anddenotes the position of the

The coarse DAC’s required foAX data converters are switching block in the layer.

typically implemented using switched-capacitor unit DAC- The details of the switching blocks will be described shortly,

elements that each dump an ideally fixed amount of charge iftat at the high level of Fig. 3, each digital input sampligs],

the summing node of an op-amp based integrator during eashmapped by the three layers of switching blocks to 8 bits,

sample interval in which the input bit is high [1], [18]-[22].z1[n], x=2[n], - - -, xs[n], that satisfy (1) withV = 8. It can be

To a large extent, the relative errors introduced by the umasily verified that this will happen provided each switching

DAC-elements arise from mismatches in fabricated capacitolock satisfies the followinghumber conservation rule

dimensions. Consequently,, ande;. are generally assumed Number Conservation RuleThe two outputs of each

to be time-invariant, but otherwise arbitrary, and are referresvitching block must be in the rand®, 1, ---, 2¢=1} where

to asstatic DAC-element errors k is the layer number, and their sum must equal the input to

It follows that the DAC noise is a function of both[n| the switching block.

and the set of static DAC-element errors. All of the noise- For example, ifz[ng] = 6, then the number conservation

shaping DAC architectures exploit the fact that the digitalle is satisfied by the Layer 3 switching block if its two

encoder has many ways that it can choose its output bits andputs at timeny are any of the following pairs: (3, 3), (4,

still satisfy (1). Thus, the digital encoder can modulate th®), or (2, 4). For this example, provided all of the switching

DAC noise component ofj[n] without affecting the signal blocks satisfy the number conservation rule, then six of the

component. The noise-shaping DAC's are able to perform thigs: z;[ng|, - - -, xs[no], would equal one, and two would

modulation such that the DAC noise is spectrally shaped egual zero.

in the example associated with Fig. 1. Amazingly, they do From a signal processing point-of-view, the switching

this without requiring any knowledge of the specific statiblocks perform the operations shown in Fig. 4, wherein,

DAC-element error values. sk, »[n] is a sequence that is generated within each switching
block and will be described shortly. It follows from the figure

B. The Switching Block DAC Architecture that

A high-level view of the noise-shaping DAC architecture
proposed in this paper is shown in Fig. 3. For simplicity, a 3- w1, 20—1[n] = § (@1, o [0] + sx, 2[0])
bit version is shown, but the architecture and all of the resulisd
outlined below are easily generalized to any number of%its.

1
1 o[n] =L (21 0] = si [n]). 3
The architecture is a special case of that shown in Fig. 2. -1, 2] =3 (@, ol = s, [n)) ®)

1The choice of one and zero as the ideal output levels of the unit DA@ecause the sequence [n] determines the difference be-

elements is arbitrary. Any other distinct pair of numbers could be used. T s .
choice simply affects the gain and offset of the overall DAC. Hﬁeen the two outputs of thék:” switching block, it follows

2The DAC shown is actually a 9-level DAC because there are 8 urfpat Sk,v[”] must satisfy C?rt_am Cond'_t'_ons fo'r the number
DAC-elements. Thus, its input is slightly wider than 3-bits. conservation rule to be satisfied. Specifically, it can be easily
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Fig. 4. The general form of all the switching blocks.
verified that if performed by the completé) , switching block for first-

order and second-order noise-shaping DAC configurations,
(4) respectively. As will be demonstrated shortly, simple gate-
level implementations of these switching blocks exist, but the
two structures shown in Fig. 5 will first be explained at the
sk, »[n]] < min{zy o[n], 2% — 2z o [n]} (5) signal processing level.

o ) The S;. . switching block associated with the first-order
for every k and r, _then the switching blocks all satisfy thepac generatess;,[n] as shown in Fig. 5(a). The structure
number conservation rule. _ ~differs from a first-orderAY modulator only in that it has

As derived in Section Il and the Appendix, for @bit g signal input and the hard limiter is followed by a least-
version (i.e., a&-layer version) of the DAC architecture shownsignificant-bit (LSB) multiplier that forcesy, ,[n] to be zero
in Fig. 3, wherein all the switching blocks operate as describgfhenever the LSB of the input to the switching block is zero

] = even ifzy, »[n] is even
k™M= odd if o, ,.[n] is odd
and

by (3)-(5), the output of the DAC has the forgln] = (je., when the input is even). Because of the hard limiter,
azn] + B8 + e[n], where sk, »[n] is bounded in magnitude by unity, and the LSB
b b=k multiplication causes (4) and (5) to be satisfied. Together, the
efn] = Z A s 1] 6) hard limiter and LSB-multiplier can be viewed as introducing

additive error, and the error is bounded in magnitude by unity
becauselsy .[n]| < 1. Consequently, the structure behaves
anda, 3, and Ay, are constants that depend only upon thike a nonoverloading first-ordeAY modulator, sosy, ,.[n]
static DAC-element errors. Specifically is a first-order shaped version of the additive error. It follows
” ” from (6) that the resulting DAC noise is also first-order shaped
1 noise.
a=1+ Z (en —ew), = Z ca (D The Sy » Switching block associated with the second-order
=t =t DAC generatess;, -[n] as shown in Fig. 5(b). The structure
consists of two discrete-time integrators, a quantizer, and an
amplitude limiter enclosed in a double feedback loop. The
guantizer has a step-size &f, = 2 and performs midtread
guantization when the LSB of the input to the switching block
- (G’Lmk—l T Ok )l ( is zero and midrise quantization otherwise. In other words, the
quantizer rounds to the nearest even integer when[n] is

Thus, o represents a cqnstant gayﬁ,represent_s a constanteven and to the nearest odd integer otherwise. This quantizer
offset, ande[n] can be viewed as the DAC noise. It follows

from (6) thatif each switching block calculatesy.,[n] as arrangement forces, .[n] to satisfy (4). The amplitude limiter

an Lth-order shaped sequence that is uncorrelated from ﬂ%pssa:if;?yo(u;;) ut of the quantizer if necessary to fosge[n]

sk, r[n] sequences of the other switching blocks, then the . : . :
: . i . The limiter and quantizer together can be viewed as intro-
DAC noise will be anLth-order shaped sequenc&he main : o ) L
ducing additive error. An analysis of the filtering performed

difficulty here. s that thes’“’[?l] sequences must also beoy the structure of Fig. 5(b) indicates that ,.[n] is a second-
chosen to satisfy (4) and (5) in order to satisfy the numbe : . : .
. order shaped version of this error. However, note that aside
conservation rule. . - .
from the unusual quantizer and limiter, the structure differs
) ) ) from a conventional second-ord&r> modulator in that it has
C. The First- and Second-Order DAC Configurations a 1/4 gain element preceding the quantizer and an extra feed-
Structures that can be used to generate dhe[n] se- forward path between the outputs of the two integrators. The
qguences for first- and second-order DAC’'s are shown purpose of these modifications is to reduce the variance of
Fig. 5. Together with the structure in Fig. 4, the structures the input to the quantizer so as to reduce the likelihood of

Fig. 5(a) and (b) represent the signal processing operatiangeeding the range of the limiter at any given time.

and
(r—1)2F42k—1

ﬁ Z [(ehi - eli)
i=(r—1)2F41

Ak,r =
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Fig. 5. Switching block calculation of; .[r] for (a) the first-order noise-shaping DAC, and (b) the second-order noise-shaping DAC.

Although the structures of Fig. 5 used by the switchin®. Spurious Tone Generation
blocks to generate they ,[n] sequences are similar taX: From (6) it follows that any spurious tones contained in
modulators, they differ in that they have no input sequencgge switching block sequences;_,|

) e . ) n], will appear in the
so the discrete-time integrator inputs are always small integ§hc noise. In the case of the second-order noise-shaping

values. If integer initial conditions are used, it follows that thBAC, numerous simulations run by the author (an example
state variables of the structures are always_ bounded 'ntegFWhich is presented below) indicate that the spurious tones
values. Consequently, the structures can be implemented Wiily,e extremely low amplitudes. However, the first-order noise-
low bit-width registers and arithmetic. _ shaping DAC tends to generate larger-amplitude spurious
_ For example, one of many possible gate-level implementgies for some inputs. A practical approach to suppressing
tions of the switching block for the first-order DAC is shownpege tones is as follows. For the structure of Fig. 5(a) with an
in Fig. 6. It consists of twaD flip-flops, and two LSB-adders jnjtia| condition of 0, it is easily verified that at each sample-
(i.e., adders that each calculate the sum of a 1-bit number gpfe the input to the hard-limiter is either a 0, 1, of. By

ak + 1-bit number). The LSB of the input to the switchingyefinition the output of the hard limiter is a 1 when its input is
block is used to gate the clock input of the two flip-flops whic ositive, and a-1 when its input is negative. Consequently,
are connected in a four-state configuration. Each output of tggantization error is introduced only when the input to the
switching block is taken as the most-significant-bits of the parq |imiter is a 0 in which case the quantization error has
sum of the input to the switching block and either theor Q@ 4 magnitude of 1. An input of 0 is midway between the two
output of the right-most flip-flop. Although the output of each,ssiple output values of the hard limiter. Thus, the total mean-
adder is an odd number whenever the LSB of the input to tagyared error would not be changed if the hard limiter were

switching block is different from the corresponding output Olfeplaced by a device that operates according to
the right-most flip-flop, the switching block outputs are never

fractional because the divide-by-two operation is performed 1, if ur,»[n] =1,
by the equivalent of right-shifting each adder output by one vk, r[n] = § =1, if ug, [n] = —1; (9)
bit. Therefore, (4) is satisfied in effect. Tk ], if ug, . [n] =0

It can be verified that the switching block performs the
function of the system shown in Fig. 4 with ,.[n] generated where v, .[n] is the output of the deviceyy, .[n] is the
by the system shown in Fig. 5(a) for the appropriate choiéeput of the device, andy ,[n] is a random+1l sequence
of initial conditions. The two flip-flops in Fig. 6 play thethat is white, independent af[], and uncorrelated with the
role of the discrete-time integrator in the system of Fig. 5(a);, .[n] sequences in the other switching blocks. When the
Denoting the@ outputs of the two flip-flops a§); and @2, hard limiters in all the switching blocks are replaced by these
respectively, it can be verified that the stafg; (= 1, Q2 = devices, all spurious tones are eliminated.
1) corresponds to an integrator state of 1, the sta@te £ 0, In practice, thisdithering scheme is relatively easy to im-
()2 = 0) corresponds to an integrator state-df, and the states plement. For example, in the switching block implementation
Q1 =0,Q2 = 1) and ; = 1, Q> = 0) both correspond shown in Fig. 6 an exclusiver gate with inputs; and
to an integrator state of 0. ()> can be used to detect the equivalent of a discrete-time
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Fig. 6. A hardware-efficient implementation of the switching block for the first-order DAC.

integrator output of 0. When the output of the gate is high, No DAC noise was introduced by the ideal DAC, so the
simple logic can be used to randomly invert or not inveRSD of the ideal DAC output is equal to that of the 3-
Q> and(@,. Random+1 sequences that well-approximate théit, third-order digital AY modulator output. Accordingly,
desired statistics are simple to generate using feedback sthi#f PSD consists of third-order shaped quantization noise
registers [23]. with a discrete spectral frequency component corresponding
A partial implementation of the dithering scheme can bie the sinusoidal excitation of th&%~ modulator. As expected
used as a compromise between hardware complexity anoim well-known AY modulator results, the quantization
spurious tone suppression. Specifically, if dithering is usemise component decreases by 18 dB per octave decrease
in only some of the switching blocks, then some tonm frequency. Each of the PSD’s associated with the other
suppression is achieved and the resulting DAC is moteree DAC’s differs from that of the ideal DAC because of
hardware efficient than had dithering been used in all tleen additional component corresponding to the DAC noise.
switching blocks. For example, in the first-order noise-shapis is evident from Fig. 7(a), for the conventional DAC this
DAC simulated below, only theS; ; switching block was component gives rise to a flat noise-floor at abot5

dithered. dB with a considerable spurious tone content. For the first-
order and second-order DAC’s the component gives rise to
D. Simulation Results noise-floors that decrease by 6 and 12 dB per octave de-

The above claims will now be demonstrated via simulation oo " frequency, respectively, with very little spurious tone

results. For comparison,anventional DAGnd arideal DAC content. Thus, the simulations clearly support the assertions

are also simulated. The conventional DAC has the form (r)‘qade_ above_ that the first-order and second-order DA.CS
. : - . ve rise to first-order and second-order shaped DAC noise,
Fig. 2 with the digital encoder implemented as a so-called

thermometer encodeHence, in the conventional DAC respectlvely. . : -
Fig. 7(b) shows attainable bit precisions versus oversam-
1, ifE<Lzq]; pling ratios between 2 and 200. As shown schematically in
wiln] = 0, otherwise. the figure, each bit precision curve was obtained by driving

) o ) the AYX modulator followed by one of the four DAC’s with a
The ideal DAC is introduces no DAC noise whatsoever.  constant input, subtracting the constant input and DAC offset
Fig. 7(a) shows S|mulat|on results_ representmg the oufc%m the DAC output (using the expressions foand given
PSD's of a conventional DAC, a first-order noise-shaping,ye) and then calculating the power within the signal band
DAC, a second-order noise-shaping DAC, and an ideal DAG; the resulting sequence for the range of oversampling ratios.
all driven by the same 3-bit third-order digital>: modulator - o constant input was used to calculate the achievable bit preci-
with a sinusoidal excitation. All but the ideal DAC had thgjons only to avoid causing the conventional DAC to introduce

same set of static DAC-element errors which were chosen fr@"ﬁurious tones. Other input sequences, e.g., sinusoidal input
a Gaussian distribution with a standard deviation of “L¥he sequences, would have yielded very similar results for all but

PSD’s are in units of dB relative to the nominal LSB valughe conventional DAC.
of the DAC's (this is also the quantization step-size of the
A3 modulator), and the frequency scale is normalized such
that unity corresponds to half the sample rate of the DAC
output.

Ill. THEORETICAL EXPLANATION
OF THE NOISESHAPING DAC'’s

3 . e R _In this section, the basic theoretical idea underlying the
The choice of a Gaussian distribution here is incidental. As proven in

Section Il and the Appendix, the noise-shaping does not depend upon HQ'SG'Sha_P'nQ DAC'’s of thIS papgr 1S eXpla'ned-.AlthOUQh th?
distribution or correlation properties of the static DAC-element errors.  presentation is mathematically rigorous, the objective of this
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Fig. 7. (a) Simulated PSD’s of conventional, first-order noise-shaping, second-order noise-shaping, and ideal DAC's all driven by the sandecBelgit thi
digital AX modulator. (b) The corresponding bit precision limits versus oversampling ratio.

section is to provide intuition and insight into the theory. Thand the number conservation rule implies
results of this section are further developed in the Appendix , , ,
to arrive at (6)—(8). @'[n] = 2y [n] + 23[n]. (11)

A functionally equivalent version of the DAC architecture any nonideal DAC (or any single-input, single-output de-
of Fig. 3 is shown in Fig. 8(a) from which the recursivgjice for that matter) can be viewed from a signal processing
nature of the system is evident. Each subsystem enclosegy#int-of-view as a device that introduces a constant gain, a
a dashed box is a DAC in its own right and, thus, is referret offset, and zero-mean DAC noise. For convenience in the
to as DAG, , wherek andr are the indexes of the left-mostgerivation that follows, the dc offset and zero-mean DAC noise
switching block in DAG, .. The recursive form of DA ;- in 5re Jumped together and referred to adlitive noise Thus,

terms of DAG,—1,2,—1 @and DAG,_; 2, is shown in Fig. 8(b). the outputs of the two DAC's in Fig. 9 can be written as

From a comparison of the notation in Figs. 3 and 8, it follows ) )

that DAG, .. is therth unit DAC-element, and DAE, is the yi[n] = aiz;[n] + €[n] (12)

3-bit DAC |t§elf. . .for ¢ =1 andi = 2, wherew; ande;[n] are the gain and
By analyzing the recursive form of the DAC shown in__ ... . . . ;
. : L . . . additive noise, respectively, associated with DAC

Fig. 8(b) and using the principle of induction, the noise- From (12) and Fig. 9, it follows that

shaping operation of the DAC can be explained and quantified. g-%

Although the analysis is not difficult, the subscripts become y'[n] = a1z [n] + aozb[n] + e1[n] + e2(n]

confusing so it is convenient to temporarily redraw the recur- ]

sive DAC structure of Fig. 8(b) using the simplified notatio§'hich can be written as

_shov_vn in Fig. 9. The boxes labelefl, DAC;, and DAG y'[n] = ay +ap (!, [n] + 2)[n]) + o — o
in Fig. 9 correspond to those labeles), ., DACy_1 2,_1, 2 2
and DAG,_; 2, in Fig. 8(b). Thusz/[n] = z,[n], ¥[n] = (@] [n] = 25 [n]) + e1[n] + e2[n].

Yk, »[1], @and so on. With this simplified notation, (3) implies By applying (10) and (11), and collecting terms, this becomes

s = a4 [n] - 2} [n] (10) y/[n] = aa/fa] + eln], (13)
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Fig. 8. (a) A redrawn but functionally equivalent version of the DAC shown in Fig. 2. (b) The contents of each dashed box in (a).

xy [n] vy [n]

\
} _/—> DAC,
\

Fig. 9. The recursive DAC structure of Fig. 8(b) drawn with simplified notation.

where of Fig. 9 consists of the DAC noise introduced by its two
component DAC’s and a component arising from the mismatch
e[r] =s[n]A +ei[n] + exn] (14 petween the gains of its component DAC’s. Suppose that

o= %, andA = % (15) Fig. 9 corresponds to DAC; in Fig. 8(a). That is, suppose

S, DACy, and DAG in Fig. 9 correspond tc5; ; and the
At this point, the key observation can be mddéquation first and second unit DAC-elements in Fig. 8(a), respectively.
(14) indicates that the DAC noise of the recursive DAGrom (12) and the definition of the static DAC-element errors,

4An excellent alternative explanation of this observation that applies to'taIS easily Ve”fled that for this case; = 1 + 'ehz' - 6'17. and
three-level noise-shaping DAC is presented in [13]. e;[n] = ¢, fori =1 andi = 2 so the additive noise from
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each unit DAC-element is just a dc offset. Consequently, from The first step is to rewrite (13)—(15) using the full notation
(14), it follows that the only nonconstant component of thef Fig. 8(b) as

additive noise introduced by DAC; is contributed by the

term s[n]A. But A is a constant, so i[n] = 51 1[n] is an Yk, r[n] = o, vk, [0] + €x, 7] (16)
Lth-order shaped sequence, it follows that the DAC noise will ex, r[n] = sk +[n) Ak, » + €r1, 2r—1[n] + €x—1, 2-[n] (17)

be anLth-order shaped sequence regardless of the values of k1, 2r—1[n] + p_1, 2]

the static DAC-element errors. The same argument applies to @, r = 5
DACLQ, DACljg, and DAC174 in Flg 8(a) and
Now suppose that Fig. 9 corresponds to DAC That 1. 2r—1[n] = a1, 20[n]
is, supposeS, DAC;, and DAG in Fig. 9 correspond to Ap,r = : 5 : . (18)

S2.1, DACy 1, and DAG_, in Fig. 8(a), respectively. By

the argument made above, provided;[n] and s; »[n] are It will now be shown that recursively applying the expres-
uncorrelatedLth-order shaped sequences, then the sum $fn for a; . beginning withk = 1 and keepingr fixed
the second two terms in (14) will also be afth-order gives

shaped sequence. Consequently, providgéd = s 1[n] .

is an Lth-order shaped sequence that is uncorrelated with 1 2

s1,1[n] ands; »[n], thene[n], or, equivalently, the DAC noise Y, = op >, oo (19)
introduced by DAG 1, is also anLth-order shaped sequence. i=(r=1)2+1

B_y induction, this argument applle§ to the_ entire DAC.O{'hat this is true for, , follows directly from (18). Suppose
Fig. 8(a), and more generally to DAC'’s of arbitrary size havmﬁ1at (19) holds for some particular value bf > 1. In this
the switching block architecture wherein all the switchin%ase applying (18) gives '

blocks satisfy the number conservation rule.

g/ 41,0 =
2r—1)2% 202t
IV. CONCLUSION 11 # & .
_ _ 5 5w E Qo, i + E Qo, i
2 2
This paper presents a general DAC architecture that can i=(2r—2)28 41 i=(2r—1)2K 41

be used to spectrally shape DAC noise arising from analog

circuit mismatches, and practical first and second-order noisghich reduces to (19) fok = &'+ 1. Consequently, by the
shaping DAC configurations that are special cases of théinciple of induction, (19) must hold for each positive integer
general architecture. Additionally, it presents a theoretical

derivation that explains the apparent paradox of how an all-As mentioned aboveg ; is just the gain introduced by
digital algorithm that has no knowledge of the values of thée ith unit DAC-element which can be written ag ; =
analog circuit mismatches can result in well-controlled spectral- ¢;,. — ¢;., so (19) becomes

shaping of the DAC noise caused by the mismatches.

The results of the paper extend the practicality of noise- 1 r2*
shaping DAC'’s for use inAY. data converters, and pro- @k =14 5 > (en —eaw) (20)
vide a theoretical foundation for the further development i=(r—1)28+1

of noise-shaping DAC’s. The first-order DAC configuration o o ) _
is as hardware-efficient as those presented previously, SPstituting this into the expression fdy . above gives

offers the advantage that it is amenable to a simple dithering 1)z 4251
—

technique capable of eliminating spurious tones. The second- 1
order DAC configuration is the most hardware-efficient dfk.r = ox ‘ [(en —ev) = (en, s =€t )]
those currently known to the author, and generally introduces i=(r-1)28+1

(21)

very little spurious tone content even without dithering. ThEinaIIy recursively applying (17) beginning with= 1 gives
theory presented provides sufficient conditions for achieving '

any given noise-shaping characteristics using the general ar- b ob—k b
chitecture. A(_jdltlonal resear_c_h is necessary to _determm_e the e, 1[n] = Z Z A, rspr[n] + Z e, (22)
extent to which these conditions can be satisfied for higher P 7

than second-order noise-shaping.

r=1 =

This can be verified by an induction argument similar to that
used above to prove (19).

APPENDIX Equations (20)—(22) directly imply (6)—(8).

The purpose of this appendix is to derive (6)—(8) starting
from the results of Section Ill. Specifically, (13)—(15) which
were derived in Section Il using the simplified notation of The author would like to thank S. Norsworthy of Motorola
Fig. 9, are used to develop the nonrecursive formulations foi introducing him to the problem considered in this paper,
the constant gain, dc offset, and DAC noise. and for many helpful discussions related to the paper.
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